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ABSTRACT: The self- and mutual-avoiding effects of two star polymers in a good solvent are studied by
means of a simple Monte Carlo sampling technique on a cubic lattice, using an enrichment algorithm.
The total number of configurations is determined as a function of the distance between the two star
polymers. The radius of gyration of a single star polymer, the second virial coefficient, the effective
interstar potential, and the penetration function are evaluated for 3- to 6-arm star polymers. Considerable
deviation from the result of the previous naive first-order ε-expansion is observed in the penetration
function. We also discuss the value of the penetration function in the infinite-arm limit, according to the
cone picture.

1. Introduction
The free energy of a solution of star polymers is of

interest to study, because it (or the osmotic pressure)
is closely related to the equilibrium conformation of star
polymers or micelles in a solvent.1-5 The microscopic
derivation of a reliable form of the free energy of a star
polymer solution, however, requires accurate statistical
calculations for realistic systems. For example, al-
though the excluded volume effect (EVE) is negligible
in a solution of “ideal” stars, it is significant in a solution
of “real” stars in a good solvent. In order to describe
the global effect of excluded volume,6 one may consider
several physical quantities related to the free energy:
the radius of gyration, the second virial coefficient, and
so forth. The difference between these quantities in real
star systems and in ideal star systems offers a measure
of the EVE. Scaling theories are sometimes quite
effective and successful. For example, they can explain
the osmotic pressure behaving as c9/4 in a semidilute
solution (c denotes the polymer mass concentration, i.e.,
weight of polymer per unit volume of solution),7,8 which
cannot be derived using the classical Flory-Huggins
theory.1,2,8 The scaling theory, however, cannot give an
explicit form for the free energy as a function of c.
Therefore, its combination with other analytical ap-
proaches like the renormalization-group approach9-13

or with other numerical approaches such as Monte Carlo
simulation14-21 is necessary for development of the
theory. The osmotic pressure Π of a dilute solution of
monodisperse star polymers, which have f arms, each
consisting of l segments, is expressed in the dilute limit
by a power series in the concentration c as

where NA is Avogardro’s number and M ) flm is the
molecular weight of one star polymer (m is the molec-
ular weight of one segment). This series is a virial
expansion, and Ai (i ) 2, 3, ...) is the ith virial coefficient
of the solution. Available experimental information

about the virial coefficients is mostly limited to A2,
because of the difficulty of the estimation of A3 and the
higher virial coefficients.22,23 Historically, the second
virial coefficient A2 of a solution of linear stars has been
one of the central problems in the theory of polymer
solutions.
In the case of good solvents, the EVE is important

for understanding the star polymer conformations. The
mean square radius of gyration, 〈r2〉g, is a measure of
the intrastar EVE, which behaves as11,12,24

where ν is the correlation-length exponent for a linear
chain;8 for d ) 3, ν ) 0.59. On the other hand, the
second virial coefficient A2 serves as a measure of the
interstar EVE in the dilute solution limit. Let us
consider star polymers in a dilute solution and use
notations ri (or si) to denote the end point of the ith
segment of the first (or second) star polymer, and r0 (or
s0) to denote the position of the center of the first
(second) star polymer. By means of the two-body
interaction u(ri - sj) between two segments i and j of
the first and second star polymers, one can express the
second virial coefficient A2 as

where V is the volume of the solution, â ) 1/kBT, and
P({r}) is the one-body distribution function of a star
polymer normalized as

The penetration function Ψ,
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which is a combination of the second virial coefficient
and the mean square radius of gyration, is often used
both experimentally and theoretically, since it is known
to be a universal quantity in the long-chain limit.
In the present paper, we consider a lattice model of a

star-polymer solution consisting of just two star poly-
mers and perform a simple Monte Carlo sampling
simulation based on an enrichment algorithm.14-17 We
calculate (1) the radius of gyration of single star
polymer, (2) the total number of configurations of the
two star polymers as a function of f, l, and D, where D
is the distance between the centers, (3) the pair distri-
bution function g(l,D) of star polymers in the dilute
solution limit, which is related to the interstar potential,
and (4) the second virial coefficient and penetration
function. We increase l and f stepwise to 80 and 6,
respectively, i.e. stars with up to 6 arms of length up to
80 segments. The enrichment algorithm itself allows
us to simulate star polymers with relatively large
numbers of arms, e.g. 20-32, but here we confine
ourselves to a relatively modest number of arms,
because the purpose of this paper is to show the
feasibility of the evaluation of the second virial coef-
ficient of stars by our method. We made typically
200 000 star polymer configurations on a simple cubic
lattice for every value of l and f.
Although the enrichment algorithm reduces comput-

ing time significantly, still a very large amount of time
is required to simulate the systems with a large number
of arms. Since calculations for each star configuration
are independent, the algorithm is suitable for applica-
tion to the new generation of parallel computers. Hence
we employed a CM-5 parallel supercomputer at the
Japan Advanced Institute of Science and Technology
and carried out the two-star-polymer simulations using
an optimized and efficient parallel program developed
by ourselves. The feasibility and effectiveness of paral-
lel computing using the present enrichment algorithm
will be published elsewhere.26

The paper is organized as follows: In section 2, we
describe how the enrichment algorithm is applied to the
star-polymer solution problem and how the second virial
coefficient is calculated. Numerical results are pre-
sented in section 3, and section 4 contains our conclu-
sions and observations.

2. Enrichment Algorithm

Using an enrichment algorithm14-17 based on a simple
Monte Carlo sampling technique, we generate a large
number of samples of two f-arms star polymers at a
distance D apart. Each sample has a total of 2f arms.
In the enrichment algorithm, we generate 2f arms each
having the same length l (the “lth generation”) from a
pre-existing sample having 2f arms but with the length
l - 1 (the “(l - 1)th generation”). The number of arms,
2f, is fixed throughout the computation. On a simple
cubic lattice, discarding the sixth direction in which the
arm would fold backward on itself, we have five ways
of elongating one end of each arm by one bond. At each
step of creating the next generation, the self-avoidance
condition is tested; unless this condition is fulfilled, the
new generated configuration is discarded. Thus, if we
want to obtain all possible lth generation realizations
from the Ml-1 distinct realizations at the (l -1)th

generation, we have to make 52fMl-1 trials (52f trials for
each realization of the (l - 1)th generation) and discard
the unphysical realizations which violate the self-
avoidance condition. The expected number M′l of ac-
cepted configurations out of the full number of trial
configurations 52fMl-1 is given by

where µ ) 4.6838 is the effective coordination number
for self-avoiding walks on the simple cubic lattice.27
However, in order to obtain enough samples,Ml, for our
purpose, the full 52fMl-1 trials are not necessary. In
principle, many less, e.g.mMl-1 (m , 52f), Monte Carlo
trials are enough to iterate the process with almost the
same number of samples at every generation; Ml-1 ≈
Ml ≈ Ml+1 ≈ .... The condition Ml/Ml-1 g 1 is satisfied
when we choose m g (5/µ)2f ) (1.0675)2f. For f as large
as f ) 6, a very small value of m (≈2.2) results. In
practice, it is better to work with somewhat larger
values of m for small l. Moreover, it is necessary to
increase gradually the number of samples as the arm
length l increases, because one has to avoid an unphysi-
cal “bias” caused by the iteration. Regardless of the
value ofm, this enrichment algorithm for star polymers
significantly reduces the computational time. In the
present study, we fix the directions of all the 2f seg-
ments at the first generation corresponding to l ) 1.
Since the actual number of trial configurations made is
mMl-1 instead of 52fMl-1, we have

Combining eqs 2.1 and 2.2, we see that the particular
value of the ratioMl/Ml-1 yields the desired information
on the ratio of the subsequent total numbers of configu-
rations:

The subsequent total-number ratio can be evaluated
straightforwardly from eq 2.3.
The total-number ratio (2.3) is related to the effective

value for the configuration-number exponent γeff(f). The
total number of configurations for large l has an
asymptotic behavior

Thus we have

or, by taking its (1/2f)th power,
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Consequently the configuration-number exponent γeff is
determined by plotting [N(l,D)/N(l-1,D)]1/2f versus 1/l
for large l.
In a Monte Carlo simulation based on the enrichment

algorithm, one can evaluate directly the successive
ratios {N(l,D)/N(l-D)}. If we multiply these successive
ratios from l ) 10 to l .10, for example, we have

Then, dividing this function by the same function but
with D ) ∞, we obtain the pair distribution function in
the dilute limit:

In deriving the second equality, we used N(9,D) ) N(9,∞)
) N2(9) for sufficiently large D (In fact this relation
holds for all D satisfying D > 18), where N(l) denotes
the total number of configurations of an isolated star
polymer.
In the expression of the second virial coefficient A2,

eq 1.3, usually the two-body interaction u(ri - sj) is
approximated by (R/â)δ(ri - sj) with an EVE parameter
R. Furthermore, in a lattice model, all the spatial
integrals are replaced by summations over all lattice
points, and the exponential is replaced by

We notice that the total number of configurations N(l,D)
of two star polymers separated by a distance D ) r0 -
s0 is expressed as

Substituting (2.10) in (1.3), we find the relation between
the second virial coefficient and the pair distribution
function in the dilute limit

Here we used the relation concerning no interference
at D ) ∞, i.e., N(l)2 ) N(l,∞). The function approaches
zero for small D and goes to unity for large D.

Finally, by substituting eq 2.8 into eq 2.11, we can
evaluate the second virial coefficient from the subse-
quent ratios of the total number of configurations.

3. Results

In order to describe the short range behavior of the
pair distribution function, one should use star polymers
with extremely long arms. However, in the present
simulation, the arm length is limited only up to l ) 80,
which is not long enough to represent the behavior
expected in the scaling regime correctly. At this point,
we have to pay attention to the starting configurations
of the star polymers. Since we assume the center to be
a lattice point, obviously we have a condition, f e 6, on
a simple cubic lattice. In the present study, we only
consider configurations, such that the two centers (r0
and s0) are on the same row of the simple cubic lattice.
Moreover, we fix all the 2f directions of the first-
generation segments (l ) 1). Especially, we assume that
the first-generation segments have a preference to point
in the directions perpendicular to the line connecting
the two centers, i.e. perpendicular to D ) r0 - s0. The
reason for this assumption is as follows: We found that
the simulations assuming different directions of the
first-generation segments may lead to somewhat dif-
ferent results of the second virial coefficient, when the
length l of each arm is not long enough. This difference
becomes significant when we compare two extreme
preferences of the first-generation segments: (A) a
preference to point inward, i.e., ri - r0 (or sj - s0) points
to the center s0 (or r0) of the other star polymer, and
(B) a preference to point outward, i.e., ri - r0 (or sj -
s0) points in the direction D ) r0 - s0 (or -D ) s0 - r0).
The two scenarios give different results mainly because
of the effective shift of the position of the two centers;
the effective center-to-center distance Deff is shorter
thanD in case A and longer thanD in case B. Therefore
in order to arrive at the scaling regime as fast as
possible with a relatively short arm length, we assume
that the first-generation segments point neither to the
other center nor to its opposite.
For each star polymer of given f, we evaluated the

subsequent ratio N(l,D)/N(l-1,D) of the total number of
configurations for l ) 10-80 and for 21 different
distances, D ) 4-80. Figure 1 shows the plots of (Nl/
Nl-1)1/2f versus 1/l for f ) 3-6. The asymptotic value in
the limit 1/l f 0 is close to the effective coordination
number µ ) 4.6838, as it should be, while the slope of
the data is related to the estimate of γeff(f). When the
arm length l decreases, the two star polymers do not
interfere anymore and behave as two isolated stars; thus
all the curves approach the right uppermost line whose
slope is equal to (γeff(f) - 1)µ/f. On the other hand, when
the arm length l increases, the two star centers seem
to coincide and all the curves in Figure 1 approach the
left lowermost line whose slope is equal to (γeff(2f) - 1)µ/
2f. Somewhere in the middle, there is a crossover
between these two behaviors. Estimates for the effec-
tive configuration-number exponent γeff(f) have been
obtained from the slopes (see Table 1). These values
are consistent with previous studies15,16,18-21 within the
estimate error.
In Figure 2 we show the pair distribution function

for f ) 6 and l ) 20-80 as a function of D. We fit the
pair distribution function to the following expression

[ N(l,D)
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{µ[1 +
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which can be integrated analytically to the second virial
coefficient using eq 2.11:

A2M
2

NA
) 2πΓ(1 + 3

a2) 1
3a1

3
(3.2)

The calculated second virial coefficient is tabulated in
Table 2, together with the radius of gyration of an
isolated star polymer defined by eq 1.2 and the penetra-
tion function defined by eq 1.5.
Here we comment on the repulsive potential between

two star polymers. Witten and Pincus3 predicted that
the interstar repulsive potential U(l,D) is logarithmic
in D at short distances. From eq 3.1 we have

g(l,D) ∝ Da2 (3.3)

for D ∼ 0. Combining eq 3.3 with g(l,D) ∝ exp[-U(l,D)/
kBT], we obtain

U(l,D) ∼ -a2kBT log D (3.4)

which has the same form as Witten and Pincus’s

formula. The value a2 for various l and f determined
by our simulation is listed in Table 2 also. Clearly, a2
has a strong f dependence and we find that it is a
monotonic increasing function of f. This behavior is
certainly consistent withWitten and Pincus’s prediction.
The amplitude c(f) for the radius of gyration is plotted

as a function of f on a double logarithmic scale in Figure
3. This behavior should be compared with the second
relation of eq 1.2 which was first derived by Daoud and
Cotton.24 The straight line in the figure indicates the
theoretical slope. The agreement between the simula-
tion and the theory is quite good. These values are
consistent with recent experiments28 also.
Although the value 0.46 of the penetration function

for f ) 4 is a bit smaller than a previous experiment29
(Ψ ) 0.53) and a renormalization-group calculation (Ψ
) 0.53 up to the first order in ε),10 it agrees well with
the recent experiments by Okumoto, Nakamura, and
Teramoto30 (Ψ ) 0.43-0.46) and Douglas et al.31 (Ψ )
0.42-0.47). When the number of arms f increases, the
naive ε expansion breaks down because higher powers
of f appear in higher order terms of the perturbation
expansion.12 Therefore the ε expansion to the first
order7 overestimates the penetration function more and
more as f increases. For example, it gives Ψ ) 0.85 for
f ) 6, Ψ ) 1.28 for f ) 8, and even Ψ ) 1.86 for f ) 10.
In order to obtain reasonable estimates from the renor-
malization-group analysis, a resummation procedure12
is required. Unfortunately, there is no such work
reported so far concerning the penetration function. An
alternative approach is the so-called cone approxima-
tion,12 which is equivalent to Daoud-Cotton’s blob
picture.24,25 In the cone picture, the mutual penetration
of two stars is prohibited, because each arm is strongly
confined to its cone. Therefore, in the limit f f ∞, a

Figure 1. Plot of [N(l,D)/N(l-1,D)]1/2f versus 1/l for various values of the center-to-center distance D for two (a) 3-, (b) 4-, (c) 5-,
and (d) 6-arm stars. All data approach µ ) 4.6838 in the limit 1/l f 0. The slope of the data is related to the effective configuration-
number exponent γeff.

Table 1. Effective Coordination Number Exponent γeff
(Obtained from the Slopes of Data in Figure 1)

topology f γeff(f)

two 3-arm stars 3 1.02 ( 0.02
two 4-arm stars 4 0.82 ( 0.04
two 5-arm stars 5 0.48 ( 0.06
two 6-arm stars 6 0.07 ( 0.08

topology 2f γeff(2f)

two 3-arm stars 6 0.11 ( 0.1
two 4-arm stars 8 -0.77 ( 0.2
two 5-arm stars 10 -2.82 ( 0.2
two 6-arm stars 12 -3.41 ( 0.2

2272 Ohno et al. Macromolecules, Vol. 29, No. 6, 1996



single star polymer behaves as a hard sphere,32,33 and
the penetration function becomes a constant of order
unity. The upper limit of the penetration function for f

) ∞ stars is estimated in the Appendix; Ψ should
approach some value less than 2.13 in the limit f f ∞.
Here we notice that the previous experiment by Roovers
et al.28 gives the value 1.1 for the penetration function
of both f ) 12 and f ) 18 stars.

4. Concluding Remarks

In this paper, we have successfully applied the
enrichment technique of a simple Monte Carlo sampling
simulation to study the total number of configurations
N(l,D) of two star polymers separated by a distance D.
We estimated the radius of gyration of a single star also.
From the knowledge of N(l,D), we derived the pair
distribution function in the dilute limit, the interstar
potential (3.4), and the second virial coefficient. Finally,
we estimated the penetration function defined by eq 1.9.
The present result for the penetration function was
compared with previous experiments, the cone picture,

Figure 2. Plot of the pair distribution function g(l,D) versus D for various l values in the dilute limit defined by eq 1.7, for two
(a) 3-, (b) 4-, (c) 5-, and (d) 6-arm stars.

Table 2. Resulting Radius of Gyration of an Isolated
Star, the Second Virial Coefficient, the Penetration

Function, and the Value a2 in Eq 3.4 for l ) 20-80 and f
) 3-6

l 〈r2〉g A2M2/NA Ψ a2

f ) 3
20 17.88 678.40 0.40 1.58
30 28.78 1238.57 0.36 1.84
40 40.27 2038.11 0.36 1.95
50 52.37 2948.86 0.35 1.99
60 65.02 4289.77 0.37 1.95
70 78.16 5406.69 0.35 2.01
80 91.38 6735.78 0.35 2.04

f ) 4
20 20.26 857.21 0.42 2.15
30 32.51 1851.68 0.45 2.47
40 45.64 2954.71 0.43 2.65
50 59.17 4189.14 0.41 2.73
60 73.30 5810.62 0.42 2.63
70 88.00 8036.79 0.44 2.49
80 103.08 10622.13 0.46 2.43

f ) 6
20 22.54 1291.97 0.54 2.78
30 35.70 2706.57 0.57 2.95
40 49.61 4310.49 0.55 3.08
50 64.26 6124.36 0.53 3.18
60 79.45 8497.62 0.54 3.12
70 95.13 11287.86 0.55 3.13
80 111.14 13760.61 0.53 3.28

f ) 6
20 23.70 1658.40 0.64 3.35
30 37.73 3305.35 0.64 3.68
40 52.66 5450.91 0.64 3.58
50 68.22 7968.95 0.63 3.69
60 84.36 10761.55 0.62 3.68
70 101.12 14323.36 0.63 3.58
80 118.11 18534.96 0.64 3.50

Figure 3. log-log plot of 〈r2〉g/l2v as a function of f for l ) 80.
The straight line indicates the Daoud and Cotton prediction,
eq 1.2; 〈r2〉g/l2v ∼ f(1-v).
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and the renormalization-group ε-expansion studies. Our
result significantly deviates from the naive ε-expansion
result, which indicates the necessity of a resummation
procedure.
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Appendix
Here we give a short derivation of the penetration in

the limit f f ∞ according to the Daoud-Cotton theory.24
According to this theory, the star polymer is divided into
three regions in terms of monomer concentration de-
pendency: core, swollen, and outermost regions. At
first, we neglect the outermost region, then the mono-
mer concentration is given as

where Rc is of order f1/2. Since the total number of
segments is fixed to be N ) fl, we have

From this we have R . Rc, if the condition l . f is
satisfied. Below, we consider such a case only in order
to discuss the scaling regime. The radius of gyration is
estimated to be

On the other hand, if we assume that two star polymers
cannot penetrate to each other and behave as a hard
sphere of radius R, the second virial coefficient is given
by

This estimation gives the upperlimit of the second virial
coefficient, since a small amount of interpenetration

might be allowed even if the number of arms is large.
Thus we have the penetration function

as the upperlimit value expected at f f ∞. The value
given in eq A5 is greater than that of the simple hard
spheres, Ψ ) 1.6. Clearly, this discrepancy is due to
the existence of swollen regions in the present estima-
tion.
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